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1  Introduction 

In  this  paper  we  show  that  the  satisfiability  problem  for  a  sublanguage  of  set  theory  involving 
the  unary  intersection  operator,  the  singleton  operator  and  the  rank  comparison  predicate  is 
decidable,  where  by  unary  intersection  of  a  set  we  mean  the  intersection  of  all  its  members.  We 
also  recall  that  the  rank  of  a  set  s  is  the  minimum  ordinal  q  such  that  s  C  Vq,  where  Vq  is  the 
a-th  level  in  the  Von  Neumann  hierarchy  of  sets  defined  by 

Vo  =  0  and 

V„  =  U  powiVp), 

(see  [8]).  Many  extension  of  the  basic  theory  MLS  (i.e.,  the  class  of  unquantified  formulae  in  the 
language  G,  =,  U,  \,  see  [7])  involving  various  set  theoretic  operators  and/or  the  rank  comparison 
predicate  have  already  been  shown  to  be  decidable  (cf.  [4],  [5],  [6],  [3];  see  also  [1]  and  [2]  for  an 
extensive  bibliography).  In  particular,  in  [5]  the  syntactic  notion  of  U-graph  has  been  introduced 
and  has  been  proved  useful  to  settle  the  decision  problem  for  M LS  extended  by  unary  union.  A 
similar,  to  some  extent,  idea  is  introduced  in  this  paper.  For  all  basic  notions  of  set  theory  we 
will  refer  to  [8],[9]  and  [10]. 

2  The  main  result 

By  MLSSRI  we  denote  the  propositional  closure  of  atoms  of  the  following  types: 
'This  work  has  been  partially  supported  by  ENI  and  ENIDATA  within  the  AXL  project. 


(=)  X  =  yU  z,x  =  y\z 
ie)  x€y 

({•})  y^  =  {y;} 
(<,<)  Vi  <  yj,y,  <  Vj 

if))  y,  =  ny: 

where 

Qs  =  {u\u  6  <  for  all  /  6  s], 

and  where  y,  <  j/_,  [resp.  y,  <  ?/_,  ]  stands  for  rank{y,)  <  rank{yj)  [resp.  rmik{y,)  <  rank{yj)]. 

Remark  2.1  According  with  the  above  definition,  f]9  represents  the  class  of  all  sets.  Therefore, 
it  will  follow  that  any  literal  x  =  f]y  cannot  be  satisfied  by  any  assignment  M  such  that  My  =  0. 
I 

By  using  a  normalization  process  of  the  type  described  in  [1]  it  follows  that  we  can  limit 
ourselves  to  the  injective  satisfiability  problem  for  conjunctions  of  literals  of  type: 

(=)  y.  =  yjUyfc,y,  =  yj\yk 
({•})  y.  =  {y.} 
(<,<)  y.  <  yj,yi  <  yj 
(fl)  y.  =  ny; 

which  we  will  call  normalized  conjunctions  of  MLS  SRI. 

We  recall  that  a  formula  is  said  to  be  injectively  satisfiable  if  there  is  a  1  -  1  assignment 
which  satisfies  it. 

Let  V  =  {yi,y2>-  ■•■,ym}  be  the  distinct  variables  occuring  in  P. 

The  following  notion  of  place  is  of  central  importance  to  our  result. 

Definition  2.1  Given  a  conjunction  P,  a  place  of  P  is  any  0/1-valued  function  n  with  domain 
the  set  of  variables  of  P  such  that  7r(i)  =  7r(y)  V  n{z)  whenever  x  =  y  U  z  occurs  in  P  and 
ir(i)  =  jr(y)  A  ->Tr{z)  whenever  x  =  y\z  occurs  in  P.  (Here  we  are  obviously  identifying  0  and 
1  with  the  truth  values  false  and  true,  respectively.)  ■ 

Remark  2.2  Throughout  this  paper  we  will  freely  identify  variables  y,  and  places  t,  with  their 
indices  a  and  t,  respectively.  I 

Let  n  =  {jTi, . . . ,  Tr„)  be  a  set  of  places  for  P. 

Definition  2.2  We  say  that  a  place  x,  is  a  singleton  place  if  there  exist  y,,yt  such  that  y,  =  {yJ 
is  in  P  and  7r,(yj)  =  1.  We  denote  by  SING  the  set  of  singleton  places.  I 


To  each  variable  y,  we  associate  a  set  of  places 

n(y.)  =  {i:^.(y,)=l}. 

Also,  given  a  map  F  :  {1,2,. .  .,m}  — ►  {1,2,. .  .,n},  to  each  place  x,  we  associate  a  set  of  variables 
defined  by 

F(7r.)  =  {s  :  F{s)  =  i}. 

Given  an  increasing  sequence  of  integers  tq  =  0  <   rj  <   . . .  <  r/  =  n,  we  define  a  map 
R:{l,...,n}^{l,...,e}hy 

R{i)  =  min{/i  :  r/,_i  <  i  <  r/j}.  (1) 

Plainly,  R  is  nondecreasing.  We  also  define  a  map  *  on  V  by  putting 

s'  =  m2ix{RiJ):j£Uiy,)}.  (2) 

Definition  2.3  An  admissible  set  of  trapped  places  (with  respect  to  a  set  of  places  IT,  a  map  F, 
and  an  increasing  sequence  of  integers  tq  =  0  <  ri  <  . . .  <  rt  =  n)  is  any  subset  T  of  U  such 
that  : 

(a)  if  i  £  T,  then  then  i'  €  T,  for  all  i'  G  {1, . .  -rflj,)};  and 

(b)  ifi  e  SING  and  for  n(y,)  C  T  for  all  s  e  V(;r.)  then  i  G  T. 

A  place  TT,  IS  said  to  be  trapped  ifi  £  T.  A  variable  y,  is  said  to  be  trapped  if  U{y,)  C  T .  I 

Definition  2.4  The  I-graph  G  of  P  (with  inspect  to  a  set  of  places  U,  a  map  F,  an  increasing 
sequence  of  integers  tq  =  0  <  r^  <  . . .  <  r(  =  n,  and  an  admissible  set  of  trapped  places  T )  is 
the  graph  having  II  as  set  of  nodes  and  such  that  Tj  — ►  tj  is  an  edge  of  G  whenever  either 

(a)  there  is  a  literal  y,  =  flyt  «"  P  such  that  5ri(y,)  =  1  and  T^jiyi)  =  1,  or 
(h)  there  is  a  literal  yt  =  {y,}  is  in  P  such  that  iri{y,)  =  1  and  irj(y,)  =  1. 


The  following  theorem  gives  a  decision  procedure  for  the  injective  satisfiability  of  a  normalized 
conjunction,  since  aH  its  conditions  are  algorithmically  verifiable. 

Theorem  2.1   Let  P  be  a  normalized  conjunction  of  MLSSRI.  Let  V  =  {yi,...,ym}  be  the 
collection  of  variables  occurring  in  P.  Then  P  is  injectively  satisfiable  if  and  only  if  there  exist 

a  set  of  places  U  =  {tti,  . . .,  jr„},  a  map  f  :  {,  1, . .  .,t7i}  —  {1 n),  a  sequence  tq  =  0  <  ri  < 

•••  <  Tt  =  n,  and  an  admissible  set  of  trapped  places  T  =  {1, . .  .,rfc,}  C  11  such  that  : 

(1)  No  two  variables  in  P  are  Jl-equivalent; 

(2)  There  exist  nonempty,  pairwise  disjoint  hereditarely  finite  sets  of  rank  not  greater  than  h^, 

'1 1  •  •  • , 'rfc,  such  that,  defined  My,  =  Uir,(v,)=i '»  ^hen  M  is  a  model  for  the  clauses  in  P 
involving  only  trapped  variables  and  such  that  ifJTy,  G  tT,  then  F{i)  =  j. 


(3)  Ifn^iy,)  =  1  then  Rij)  <  R{F{s)),  where  R  is  defined  in  (1). 

(4)  Ify,  -  {yt}  is  in  P  then  : 

(4.1)  n{y,)=\^{T^F(i))\ 

(4.2)  F-\F{t))  =  [t];  and 

(4.3)  R{F{t))  =  r  +  1,  wher^  '  is  defined  in  (2). 

(5)  IJy,<yt  [resp.  y,  <  yt]  is  in  P  then  s'  <  f  [resp.  s'  <  t'J. 

(6)  Ifys  =  r\yt  is  in  P  then 

(6.1)  U{y:)  /  0; 

(6.2)  ifiTiiyt)  =  1  and  Xf-(„)(y,)  =  1  for  some  u  6  {l,...,m}  then  7r,(j/u)  =  1; 

(6.3)  t/7r,(y,)  =  1  and  TTj{yt)  =  1  then  R{i)  <  i?(); . 

(6.4)  ifU{yt)  C  SING,  then  ifir.iyu)  =  I  for  all  0  <  u  <  m  such  that  ^^f^^^){yt)  =  1,  then 
7r,(y,)  =  1. 

(7)  Let  G  be  the  I-graph  of  P  (cf   Definition  2.4)-    Then,  if  P  contains  the  conjunct  y,  =  ClVt 

and  there  is  a  j  G  IT  such  that  tt,  — ►  tt^  for  all  j  G  n(y()  then  n,{y,)  =  1. 


We  will  first  prove  that  the  conditions  of  the  theorem  are  necessary  for  P  to  be  injectively 
satisfiable. 

2.1      Proof  of  necessity  of  conditions  (l)-(7) 

Let  M  be  an  injective  model  for  P.  Let  <Ti,...,an  be  the  nonempty,  pairwise  disjoint  parts  of 
the  Venn  diagram  of  A/yi,. . .,  A/y„,  in  the  universe  Ui<«<m^^y»  U  {•^^I/i,  •  •  ••  A/ym}.  Define 
/■(a)  =  »  if  My,  G  <Ji.  We  can  suppose  w.Lo.g.  that  if  ranfc((7,)  <  rank{aj)  then  i  <  j.  So,  let 
To  =  0  <  ri  <  •  •  •  <  r/  =  n  be  a  partition  of  the  set  of  places  such  that  :  r^-i  <  i,j  <  r^  if  and 
only  if  rank{(Ti)  =  rank{aj).  Define  now  7r,(y,)  =  1  if  and  only  if  a,  C  Afy,. 
The  following  algorithm  computes  an  admissible  set  of  trapped  places. 

Proc  Find -Trap 
r:=0 
WHILE  there  exists  j  €  IT  \  T  such  that  either 

(a)  rank{aj)  <  rank{ay),  for  some  j'  £  T,  or 

(b)  <Tj  C  My,  for  some  y,  =  {y,}  in  P  and  U(yt)  C  T 
DO 

r:=Tu{j} 


END  WHILE. 

Clearly,  the  set  T  produced  by  the  above  procedure  has  the  form  {l,...,r/,j}  for  some 
h\  G  {0, . . . ,  f}.  Moreover,  it  can  easily  be  shown  that  T  is  indeed  an  admissible  set  of  trapped 
places. 

Observe  that  if :  6  T  then  rank{ai)  <  h\  so  ify,  is  trapped  then  rank{My,)  <  hi.  Moreover, 
suppose  that  My,  £  Ci  for  some  i  Q.  T.  Then  from  the  definition  of  the  map  F  it  comes  that 
F{s)  =  t.  So,  conditions  (1)  and  (2)  are  verified. 

Suppose  now  that  ct,  C  My,  i.e.  7r,(j/j)  =  1.  Then  rank{<7i)  <  rank(My,).  On  the  other 
hand  if  My,  €  aj  then  F{s)  =  j  and  rank{aj)  >  rank{My,).  So  rank{(Ji)  <  rank{aj)  which 
implies  that  R{i)  <  R{j)  =  R{F{s))  thus  verifying  condition  (3). 

Suppose  now  that  y,  =  {j/J  is  in  P.  Then  My,  =  {Myt}  and  consequently  My,  =  a,  with 
F{t)  =  i  for  some  t  G  H.  If  aj  C  My,  with  j  /  t,  then  because  tT_,  n  <t,  =  0  and  <Tj  ^  0  it 
would  be  My,  /  {MyJ.  Moreover,  if  F{s')  =  i  for  some  t'  ^  i  then  it  should  be  My,'  =  My,, 
which  contradicts  the  injectivity  of  M.  Finally,  rank{My,)  =  Tank{a,)  =  rank{Myt)  +  1  = 
ra7i/c(<7r,. )  +  1.  Hence  condition  (4)  is  verified.  • 

Condition  (5)  is  trivially  satisfied. 

Next  assume  that  y,  =  Oyt  is  in  P.  Then  My,  =  f\Myt,  so  that 

•  Myt  ^  0,  (see  remark  (2.1));  thus  there  exists  a  place  cr,  such  that  (7,   C   Myt-  Then 
condition  (6.1)  is  satisfied. 

•  If  Myu  G  Myt  then  My,  C  My^,  i.e.  (6.2)  is  satisfied. 

•  rank{My,)  <  rank{Myt),  i.e.  (6.3)  is  satisfied. 

•  If  Myt  =  {Myt,,..., Myt^}  then 

My,  =  Myt,  n  •  •  •  n  Myt^ 
which  implies  that  (6.4)  holds  too. 

Finally,  let  G  be  the  I-graph  of  P  as  in  Definition  2.4.  Suppose  that  y,  =  CiVt  is  in  P  and 
there  is  t  G  H  such  that  Tj  — ►  Tj  for  all  places  j  G  n(y().  Each  element  in  Oi  must  then  be 
element  of  each  element  in  Cj,  for  each  j  G  n(yt),  i.e.  cTi  C  fl^^j  for  all  »  G  n(yt).  But  then 

<'i^f]i     U     ^;)  =  n^^!" 
j€n(v,) 

so  condition  (7)  is  proved. 

This  shows  that  the  condition  given  in  Theorem  (2.1)  are  necessary  for  P  to  be  injectively 
satisfiable. 


2.2      Proof  of  sufficiency  of  conditions  (l)-(7) 

Let  now  n,F, tq  =  0  <  rj  <  . . .  <  r^  =  n,  and  T  =  {1, . .  .,r/,j}  be  a£  in  Theorem  2.1  and  such 
that  conditions  (l)-(7)  are  satisfied.  We  will  exhibit  an  algorithm  which  to  each  place  tt,  of  P 
associates  a  set  <t,  in  such  a  way  that  the  assignment  My,  =  Uien(t/,)  ^«  satisfies  all  conjuncts  in 
P.  Let  V  =  {2/1,1/2,  •  ■  -,  J/m}  be  the  variables  occurring  in  P. 

To  each  place  tt,,  we  associate  a  set  L{i)  which  is  initialized  empty.  The  set  L(i)  represents 
the  set  of  all  elements  that  must  be  elements  of  each  member  of  the  set  a,  to  be  associated  to 

T,. 

Put 

7=       ^      |7f-1  +  m  +  2n  +  l  (3) 

TT.^TRAP 

and  for  each  i  6  {r^i+i,  •  •  • ,  n}  U  {n  +  rjtj+i, . .  .,2n}  define  the  following  set  of  individuals: 

/.     =     {0,l,...,7+5(i)  +  2}\{t} 
/.     =     {0,l,...,7+5(0}\{i} 
/.     =     {{Lz}:zei,} 

where: 

f  R{i)  if.<n 

1    R{i  -  n)     otherwise 

The  following  lemma  holds: 

Lemma  2.1   for  each  i  €  {r^^^  +  1, . .  .,n}  U  {n  +  r/j,  +  1, . .  .,2n}  we  have  that 

(i)  rank{I,)  =  7  +  5(i)  +  3; 

(ii)  rank{I,)  =  rank{Ij)  if  and  only  if  S{i)  =  S{j); 

(iii)  ronfc(/.)  =  7  + •?(»■)+ 1; 

(iv)  Tank{i,)  =  rank{I,); 

(v)  |/.|  =  7  +  5(.)  +  2; 

(vi)  |/.|  =  |/.|  =  7  +  5(i); 

(vii)  All  the  individuals  are  pairwise  distinct. 

(viii)  All  the  individuals  /,  are  pairwise  disjoint. 

(ix)   rank(In+,)  =  rank{I,)  and  |/„+i|  =  |/,|.  ■ 

The  proof  of  lemma  (2.1)  is  straightforward. 
The  following  algorithm  builds  a  model  for  P. 


Proc  Build-model; 

Input:  TTi, . .  .,7r„  places  of  P  and  associated  individuals 
Output:  sets  Ci , . . . ,  cr„  such  that  the  assignment 
Mys  -  U.en(v,)  <^i  is  a  model  for  P. 

begin 

for  i  ^  T  do 
for  z  G  Tf.do 

propagate(2:,7r,) 
end-  for 
end -for 
for  i  :=  1  to  r/j,  do 

<T,  :=  ¥i 
end -for 

for  i  :—  r/i,  +  1  to  n  do 
if  (i  G  SING)then  do  nothing 
else  if  (1(0  =  0)  then  a,  :=  {/„  /„+,} 
else  begin 

Ji  :=  /,  U  I(t) 

Jn+i  :=  in+i  U  Lii) 
<'i  '■=  {JifJn+i} 

end 
end  Jf 
endJf 

for  s  6  V(xi)  do 

My,  =  Ux,(v.)=i  (Tj 
end -for 

a.- :=  CT.  U  {My,  :  s  6  V(jr.)} 
for  z  G  <Ti  do 

propagate(2,T,) 
end -for 
end -for 
end -Proc 


where  the  procedure  propagate  is  the  following: 

Proc  propagate  ; 

Input:  a  set  2  and  a  place  iti  ; 
Output:  modified  sets  L{j),j  G  11. 


begin 

for  each  j  G  H  \  (T  U  SING)  do 

if  TT,  — ►  IT  J  is  in  G 

then  Lij):=  Li j)V{z} 

end  Jf 
end  .for 
end_Proc 

Notice  how  the  construction  of  the  sets  a  is  well  defined.  Namely,  when  My,  =  \J^  (y,)=i  ^j 
is  put  into  (7,  then  all  the  places  of  My,  must  have  been  already  built  because  their  R  values 
from  condition  (3)  are  strictly  less  than  R{i).  It  is  also  straightforward  to  check  that  all  the  sets 
Ci  are  nonempty. 

We  have  to  prove  that  the  assignment  M  so  defined  is  a  model  for  P.  To  this  end  we  need 
the  following  two  lemmais  that  we  will  prove  in  the  next  subsections: 

Lemma  2.2    for  all  1  <  i,j  <  n,  if  i  7^  j  then  <7,  fl  (Tj  =  0.  I 

Lemma  2.3  For  all  i  ^  {1, . . . ,  n} 


rank{(7,)  =  < 


rank{My()  +1     if  i  E  SING  and  7r,(y,)  =  1  and  y,  =  {t/(}  is  in  P 
-j  +  R{i)  +  4         ifi^iSINGuT) 
<hi  ifieT 


and  then  for  all  nontrapped  variables  y,,  rank{My,)  =  7  +  3*  +  4. 

Let  us  prove  now  that  M  is  a  model  for  P. 

From  Lemma  2.2  we  can  conclude  that  M  is  a  model  for  the  terms  of  type  (  =  ). 

Suppose  that  y,  =  {y,}  is  in  P.  Then  {tTj  :  TCj{y,)  =  1}  =  {T^nt)}  because  of  (4.1)  and  also 
F{t)  e  SING.  So,  CTf(,)  =  {My^  :  F{u)  =  F{t)}.  But  by  (4.2)  there  can  be  no  other  variables 
i/„  6uch  that  F{u)  =  F{t).  Thus,  My,  =  {Afy,}. 

Suppose  now  that  y,  <  y,  is  in  P.  If  y,  is  trapped  then  from  (5)  and  the  definition  of  T, 
y,  must  be  trapped  as  well  and  so  My,  <  My,  is  true  from  condition  (2).  If  y<  is  nontrapped 
whereas  y,  is  trapped  then  Tank(My,)  </»,  <n<7<7  +  r  +  4  =  ranJt(A/y,)  so  My,  <  My, 
is  true  from  Lemma  2.3.  If,  finally,  both  y,  and  y,  are  nontrapped  then  from  (5)  we  have  s'  <  t' . 
Again,  from  Lemma  2.3  it  follows  that  rank{My,)  =  7  +  5*  +  4<7  +  C  +  4  =  rank{Myt).  H  is 
then  shown  that  M  is  a  model  for  the  clauses  of  type  (<).  Analogously  it  can  be  shown  that  M 
satisfies  also  the  clauses  of  type  (<)  in  P. 

If  y,  =  f\yt  is  in  P,  then  from  condition  (6.1)  My,  /  0.  If  y^  is  trapped,  because  of  (6.3)  y, 
must  be  trapped  too  and  so  M  is  a  model  by  condition  (2).  If  y,  is  nontrapped  and  if  U(y,)  =  0, 
we  have  to  show  that  C\My,  =  0.  Suppose  that  z  €  flA/yf.  That  means  that  z  is  an  element 
of  every  element  in  Oj  for  all  a,  C  My,.  By  inspecting  the  code  of  algorithm  Duild.modcl  we 
can  infer  that  :  if  U{y,)  C  SING  then  z  e  My^  for  each  u  such  that  7rf(„,(y,)  =  \.Lct  z  £  a,. 
From  the  definition  of  the  I-graph  we  have  that  tt,  —  ttj  for  each  tTj  such  that  ifjiy,)  =  1.  Then 
because  of  condition  (7)  a,  C  My,  contradicting  the  initial  assumption  that  My,  =  0. 
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For  all  places  ttj  such  that  j  ^  SING  and  7rj(j/()  =  1,  it  must  be  z  6  L{j).  Indeed,  ii  L(j)  =  0 
then  Ij,  Jn+j  are  in  ctj.  But,  /,  D  /„+j  =  0;  so  f)<7j  =  0  and  then  f)  ^^Vt  =  0-  Thus,  !(_;')  7^  0.  On 
the  other  hand,  if  z  ^  L{j)  then  z  ^  fl-'^^J/f  because  f]Myt  C  J^  n  Jn+j- 

Let,  then,  tt,  be  the  place  which  propagated  z;  because  of  Lemma  2.2,  this  place  must  be 
unique.  Clearly  tt^  — ►  ttj  for  all  Trj{yt)  =  1.  Then  again  Tii{y,)  =  1,  i.e.  z  £  ctj  C  My,,  by 
condition  (7),  which  is  a  contradiction. 

This  argument  shows  that  if  y,  =  ClVt  's  in  P  and  j/,  is  not  trapped  then  O^^Vt  Q  My,.  Let 
now  Mj/j,  7^  0,  let  z  G  My,  and  w  6  A/y^.  Moreover  let  z  G  (7i  and  u;  6  aj  for  some  a^  C  My, 
and  CTj  C  My(.  From  condition  (6.3)  R{i)  <  R{j)  and  so  t  ^  j.  Two  cases  are  possible: 

(case  a)  w  =  My^^  for  some  u  such  that  CTf-j^)  C  Myt-  In  this  case,  from  condition  (6.2) 
tr,-  C  A/yu  and  so  z  6  t^^. 

(case  b)  w  is  an  individual.  From  the  definition  of  the  I-graph,  we  know  that  there  must  be  an 
edge  TT,  — »  TTj.  So,  when  z  was  put  in  aj  it  was  propagated  into  L{j).  Then,  by  construction, 
z  6  w. 

This  shows  that  My,  C  p|A/yj. 

We  have  then  proved  that  M  is  a  model  for  P  provided  that  Lemmas  2.2  and  2.3  are  true. 

2.3      Proof  of  Lemma  2.2 

The  proof  is  done  by  cases: 

(case  a)  Suppose  that  x,j  G  T.  Then  the  assert  is  true  from  the  hypothesis. 

(case  b)  Suppose  t  E  T,j  ^  T.  Because  of  rank  constraints  (see  Lemma  2.1)  no  individuals 
in  Cj  can  be  in  a,.  Moreover,  if  My,  G  Oj  then  My,  ^  ai  otherwise  F{s)  should  get  two 
different  values.  So  the  only  possibility  could  be  My,  G  Oi,Myt  G  <7j,My,  =  Myt,s  ^  t. 
But  in  this  case  y,  and  then  y,  are  trapped.  So,  there  should  exist  two  trapped  places 
(7a  Q  My,,  Ob  C  Myt  such  that  cto  D  a^  7^  0.  But  this  cannot  happen  because  of  (case  a). 

(case  c)  Suppose  now  that  t,  j  are  both  nontrapped.  Let  us  prove  the  assert  by  induction  on  i 
and  supposing  j  >  i. 

Basis  case:  i  =  r/,,  +  1. 

Again,  we  only  have  to  show  that  do  not  exist  My,  G  o„Myt  G  cTj  such  that  A/y,  = 
My,,s  5^  t.  Suppose  that  this  was  the  case.  Then  My,  must  be  trapped  and  so  must  Myt. 
But  this  is  a  contradiction. 

Inductive  step:  suppose  that  tr,,  n  ty^  =  0  for  all  indices  t'  <  t  and  let  us  prove  it  for 
i.  Notice  that  for  any  a  G  V  we  have  that  |A/y,|  <  T.i^TRAp'^i  +  m  +  2n  because  at 
most  it  can  contain  all  the  elements  of  the  trapped  places,  plus  all  the  other  modeled 
elements  plus  all  the  individuals  in  each  place  (which  are  at  most  2).  On  the  other  hand, 
by  Lemma  2.1  the  cardinality  of  any  individual  is  greater  than  7  so  no  individual  can 
equal  a  modeled  \-ariabIe.  It  remains  to  show  that  no  two  different  variables  can  be  equal 


modeled.  But  again  if  this  were  the  case,  i.e.  if  there  existed  My,  6  ct,,  Myt  E  cr^  such  that 
My,  =  Myt,3  ^  t,  then  there  should  exist  two  places  whose  associated  sets  have  nonempty 
intersection,  and  at  least  one  of  them  should  have  index  lower  than  i.  This  is  false  by  the 
induction  hypothesis. 

This  completes  the  proof  of  Lemma  2.2.  ■ 

2.4      Proof  of  Lemma  2.3 

We  will  proceed  by  induction  on  i.  First  notice  that  if  j  6  T  then  the  lemma  is  trivially  true. 

Basis  step:    if  t  =  r/,,  +  1  then  :  ^  {SINGU  T)  and  any  My,  in  <t,  has  rank  not  greater 
than  h\  <  7.  So  the  assert  is  clearly  true. 

Inductive  step:  suppose  the  Jissert  is  true  for  all  j  <  i  and  let  us  prove  it  for  i. 

(case  a)  if  ct,  =  {/,,/„+,}  the  thesis  is  true  by  Lemma  2.1. 

(c£ise  b)  if  a,  =  {J,,  J„+,}  then  notice  that  rank{J,)  >  ran/:(/,)  =  ranfc(/,)  =  7  +  R{i)  +  3. 
On  the  other  hand,  by  inspecting  the  code  of  the  algorithm  Build_model,  if  2  G  L{i)  then 
z  G  C7j  for  some  ttj  — ►  ir,  in  the  I-graph.  By  condition  (6.3),  R{j)  <  /?(t),  so  j  <  i  and  then 
we  can  use  the  induction  hypothesis  on  a^.  If  j  G  T  it  follows  that  rank{z)  <  h\.  On  the 
other  hand,  if  j  ^  {SING  U  T)  then  rank{z)  <  rank{cTj)  =  7  +  R{j)  +  3.  In  both  cases, 
rank{z)  <  f  +  R{i)  +  2.l{j  G  5/A'G,  then  «7_,  =  {My,}  and  raiik{aj)  =  rank{Myi)  +  l.  By 
condition  (4.3),  R{j)  =  t*  +  l.  Now,  rank{Myt)  =  Tank{aj^ )  for  some  ji  <  j.  If  jj  ^  SING 
then  rank{Myt)  <  7  +  Riji)  +  3  <  7  +  R{j)  +  3,  so  that  rank(Myt)  <  7  +  R{j)  +  2.  On 
the  other  hand,  if  ji  G  SING,  then  we  would  have  a  finite  chain  j  =  Jo  >  ii  >  •  •  •  >  jk 
such  that 

(a)  ja  6  SING  for  0  <  a  <  it,  jk  i  SING;  and 

(b)  if  o-j^  =  {Myt]  then  ranfc(My,)  =  rank{aj^^^)  for  0  <  o  <  )t. 

If  jk  G  T  then  j  £  T  and  rant((7j)  <  /ij.  If  j\  ^  T  then  by  induction  hypothesis 
ran/:(<7jj  =  7  +  -R(i*)  +  3  and  so  rank{ajj  =  7  +  .R(;i)  +  3  +  Jt  -  a  and  by  condition  (4.3) 
R{jk)  +  k  -  a  =  R{ja)  for  0  <  a  <  Jt.  This  implies  that  ranA-(a_,)  =  7  +  /i:(jt)  +  3  +  it  = 
7  +  R{j)  +  3.  So,  since  R{j)  <  R{i),  we  can  conclude  that  no  element  in  Oj  can  have  a  rank 
greater  than  'j-\-R{i)  +  2.  We  can  then  conclude  that  rank(J,)  =  rank{J„+,)  =  7  +  /i:(:)  +  3. 

(case  c)  (7,  =  {/,,/„+,,  A/ 1/,,,. ..,  A/ y,^}.  With  arguments  analogous  to  the  ones  used  in  (case 
b)  we  can  show  that  rank{My,J  <  ■j  +  R{i)  +  2ioi  1  <  a  <  6.  So,  rank{a,)  =  -^ +  ;?(,•)  + 3. 
Analogously,  if  (T,  =  {J.,7„+„  Af  y„  ,. . .,  A/y,J. 

Simple  considerations,  now,  allow  us  to  conclude  that  if  y,  is  not  trapped,  then  ranit(A/y,)  = 
7  +  «"  +  3  and  the  lemma  is  proved.  ■ 
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